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Abstract
We investigate four-fermion interactions with N -component fermion in Einstein
universe for arbitrary space-time dimensions (2 ≤ D < 4). It is found that the
effective potential for composite operator ψψ is calculable in the leading order
of the 1/N expansion. The resulting effective potential is analyzed by varying
the curvature of the space-time and is found to exhibit the symmetry restoration
through the second-order phase transition. The critical curvature at which the
dynamical fermion mass disappears is analytically calculated.
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It is the standard scenario of the cosmology to assume that in the stage of the very
early universe the grand unified theory (GUT) branched off into the quantum chromo-
dynamics and electroweak theory through the symmetry breaking caused by the Higgs
mechanism. At this stage the quantum effect of the gravity is considered to be unimpor-
tant although the curvature effect due to the strong gravity still remains to be of major
importance. It is thus of interest to deal with quantum field theory in curved space-time
in the era of the grand unified theory. If we take the view of the dynamical symmetry
breaking [1] such as the technicolor model [2], the Higgs particle playing an important
role in the symmetry breaking in the GUT era is thought of as a composite system of the
fundamental fermion and anti-fermion. Hence it is very interesting to discuss quantum
field theory with the composite Higgs field in curved space-time [3, 4, 5]. In the present
paper we deal with the four-fermion interaction theory as one of the prototypes of the
composite Higgs theory. In order to get an insight into the dynamical symmetry breaking
through the composite Higgs mechanism we study the phase structure of the four-fermion
theory in curved space-time.
The four-fermion interaction in curved space-time is characterized by the action
S =
∫
dDx
√−g
[
−
N∑
k=1
ψkγ
µ∇µψk + λ0
2N
(
N∑
k=1
ψkψk)
2
]
, (1)
where index k represents the flavor of the fermion, N is the number of the fermion species,
g the determinant of the metric gµν , γµ the Dirac matrix in curved space-time, ∇µ the
covariant derivative for fermion field ψ, and D the dimension of the space-time. We
work in the space-time of dimension D for 2 ≤ D < 4. In the following for simplicity
we neglect the summation symbol on indices of fermion field ψ. The action of Eq.(1)
represents a discrete chiral symmetry in even dimensions. It is well-known that in the
flat space-time (Minkowski space-time) the symmetry is broken spontaneously and the
fermion acquires a dynamical mass [6, 7].
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By introducing auxiliary field σ we derive action S ′ equivalent to action S in Eq.(1):
S ′ =
∫
dDx
√−g
[
−ψγµ(∇µ + σ)ψ − N
2λ0
σ2
]
. (2)
We perform the path integration over ψ and ψ in the expression for the generating
functional and then find that in the leading order of the 1/N expansion the effective
action of this model is given by
Γ[σ] =
∫
dDx
√−g(− σ
2
2λ0
)− iTrLn[−√−g(γµ∇µ + σ)] +O( 1
N
). (3)
From Eq.(3) we obtain effective potential in the leading order of the 1/N expansion:
V (σ) =
1
2λ0
σ2 +
1∫
dDx
√−gTr
∫ σ
0
ds
√−gSF (x, y; s), (4)
where σ is independent of the space-time coordinates and the potential V (σ) is normalized
so that V (0) = 0 with SF (x, y; s) defined by
SF (x, y; s) ≡< x|{−i
√−g(γµ∇µ + s)}−1|y > . (5)
Through the definition (5) we observe that the two-point function SF (x, y; s) satisfies the
following equation,
(γµ∇µ + s)SF (x, y; s) = i√−g δ
D(x, y), (6)
where δD(x, y) is Dirac’s delta function in curved space-time. According to Eq.(6) we
may identify SF (x, y; s) to the propagator of the free massive fermion of mass s in curved
space-time.
It is important to note here that the problem of calculating the effective potential for
composite operator σ in the four-fermion interaction model in the leading order of the
1/N expansion reduces to that of finding the propagator of the massive free fermion in
curved space-time. Fortunately in Einstein universe the two-point function SF (x, y; s)
has already been calculated in Ref.[8]. The resulting expression reads
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SF (x, y; s) =
∫ ∞
−∞
dω
2pi
eiω(y
0−x0) iK
D−3
2
(4pi)
D−1
2
Γ(D−1
2
+ iβ)Γ(D−1
2
− iβ)
Γ(D+1
2
)
×
[
(s+ iγ0ω)U(x,y) cos(
√
K
2
σ) 2F1(
D − 1
2
+ iβ,
D − 1
2
− iβ; D + 1
2
; cos2
√
K
2
σ) (7)
+ γiniU(x,y)
D − 2
2
sin(
√
K
2
σ) 2F1(
D − 1
2
+ iβ,
D − 1
2
− iβ; D − 1
2
; cos2
√
K
2
σ)
]
,
where K and β are defined by
β ≡
√
s2 − ω2
K
, (8)
and R ≡ (D − 1)(D − 2)K, (9)
respectively where R is the scalar curvature. According to Eq.(7) we find that the trace
of the two-point function SF (x, y; s) is given by
Tr
√−gSF (x, y; s) =
∫
dDx
√−gtrSF (x, x; s)
=
∫
dDx
√−g
∫ ∞
−∞
dω
2pi
isK
D−3
2
(4pi)
D−1
2
∣∣∣∣∣Γ(
D−1
2
+ iβ)
Γ(1 + iβ)
∣∣∣∣∣
2
Γ(−D − 3
2
)tr, (10)
where tr is the trace of the unit Dirac matrix. Inserting Eq.(10) into Eq.(4) we obtain
the effective potential in Einstein universe:
V (σ) =
σ2
2λ0
+
∫ σ
0
ds
∫ ∞
−∞
dω
2pi
isK
D−3
2
(4pi)
D−1
2
∣∣∣∣∣Γ(
D−1
2
+ iβ)
Γ(1 + iβ)
∣∣∣∣∣
2
Γ(−D − 3
2
)tr. (11)
In the second term of the right-hand side of Eq.(11) , the path of the ω integral may
be deformed by the Wick rotation so that one can keep the path away from the poles
appearing in the Gamma functions. By changing variable ω to ω
′
through ω = iω
′
we
rewrite Eq.(11) such that
V (σ) =
σ2
2λ0
−
∫ σ
0
ds
∫ ∞
−∞
dω
′
2pi
sK
D−3
2
(4pi)
D−1
2
∣∣∣∣∣Γ(
D−1
2
+ iβ
′
)
Γ(1 + iβ ′)
∣∣∣∣∣
2
Γ(−D − 3
2
)tr, (12)
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where β
′
is defined by β
′ ≡
√
s2+ω
′2
K
. For simplicity we shall omit the primes in ω
′
and
β
′
in the following.
The effective potential V (σ) is in general divergent for D = 2, 3, 4. Since the nature of
the divergence is the same as that in the flat (Minkowski) space-time, the divergence can
be removed by the usual flat-space renormalization for D < 4. (Note that our model is
renormalizable for D = 2 in usual sense and for D = 3 in the sense of the 1/N expansion
[10]. For D ≥ 4 the model is nonrenormalizable.) The divergence associated with the
vacuum energy may be curvature-dependent. This divergence, however, is absent because
of our normalization of the effective potential, V (0) = 0, in Eq.(12). Note that in the
leading order of the 1/N expansion the divergence at D = 3 in the effective potential
V (σ) happens to be absent can be seen by carefully analyzing Eq.(4) in the neighborhood
of D = 3.
Expanding Eq.(12) asymptotically about K = 0 (weak curvature expansion) we find
V (σ) = V0(σ) +
tr
(4pi)
D
2
Γ(2− D
2
)
1
12
R
D − 2σ
D−2 +O(R2), (13)
where R is given in Eq.(9) and V0(σ) is the effective potential in flat space-time given by
V0(σ) =
σ2
2λ0
−
∫ σ
0
ds
∫ ∞
−∞
dω
2pi
s
(4pi)
D−1
2
(ω2 + s2)
D−3
2 Γ(−D − 3
2
)tr. (14)
Though the ω integration in Eq.(14) can be performed analytically, we leave it for con-
venience in the following argument. (Note that the expression of the weak curvature
expansion (13) for D = 3 and 4 is in agreement with the results obtained in Refs.[4] and
[5] respectively.) We impose the renormalization condition
∂2V0
∂σ2
∣∣∣∣∣
σ=σ0
=
σD−20
λr
, (15)
where λr is the renormalized coupling constant and σ0 is the renormalization scale.
Adopting the condition (15) to the effective potential (14) we find that the renormalized
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coupling constant λr satisfies the following relation,
1
λ0
=
σD−20
λr
+
∫ ∞
−∞
dω
2pi
1
(4pi)
D−1
2
{
ω2 + (D − 2)σ20
}
(ω2 + σ20)
D−5
2 Γ(−D − 3
2
)tr. (16)
Inserting Eq.(16) into Eq.(14) we obtain the renormalized effective potential in the
Minkowski space-time:
V0(σ) =
1
2
[
σD−20
λr
+
∫ ∞
−∞
dω
2pi
1
(4pi)
D−1
2
{
ω2 + (D − 2)σ20
}
(ω2 + σ20)
D−5
2 Γ(−D − 3
2
)tr
]
σ2
−
∫ σ
0
ds
∫ ∞
−∞
dω
2pi
s
(4pi)
D−1
2
(ω2 + s2)
D−3
2 Γ(−D − 3
2
)tr. (17)
The nontrivial solution of the gap equation ∂V0
∂σ
∣∣∣
σ=m0
= 0 provides us with the dynam-
ical fermion mass m0 in the Minkowski space-time. By observing the gap equation we
recognize that above the critical coupling λcr given by
1
λcr
≡ 1−D
(4pi)
D
2
Γ(1− D
2
)tr (18)
the dynamical fermion mass m0 is generated where
m0 =

 (4pi)
D
2
Γ(1− D
2
)tr
(
1
λr
− 1
λcr
)

1
D−2
σ0 for λr > λcr. (19)
Below the critical coupling λcr the fermions remain massless: m0 = 0.
Inserting Eq.(16) into Eq.(12) we obtain a renormalized expression of the effective
potential in Einstein universe :
V (σ) =
1
2
[
σD−20
λr
+
∫ ∞
−∞
dω
2pi
1
(4pi)
D−1
2
{
ω2 + (D − 2)σ20
}
(ω2 + σ20)
D−5
2 Γ(−D − 3
2
)tr
]
σ2
−
∫ σ
0
ds
∫ ∞
−∞
dω
2pi
sK
D−3
2
(4pi)
D−1
2
∣∣∣∣∣Γ(
D−1
2
+ iβ)
Γ(1 + iβ)
∣∣∣∣∣
2
Γ(−D − 3
2
)tr. (20)
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Fig. 1 Behavior of the effective potential as a function of σ for some typical value of
curvature K in the case that λr > λcr.
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Fig. 2 Behavior of the effective potential as a function of σ for some typical value of
curvature K in the case that λr < λcr for D = 3.
By the use of the expression of the effective potential as given above we may study the
behavior of the effective potential as a function of σ through the numerical integrations.
In the numerical integration in ω we introduced a suitable upper and lower bound and
performed the numerical integration between these bounds. By assuming the sufficiently
large absolute value of these bounds and checking the stability of the integral under the
change of the bounds we obtained the numerical value for V (σ) for each value of σ with
λr and K kept fixed.
In Fig.1 the behavior of the effective potential V (σ) as a function of σ is plotted for the
case λr > λcr (as a typical example we choose λr = 3λcr) for which the chiral symmetry
is broken and the fermion mass is generated in the flat space where K = 0. The behavior
of the effective potential is shown only for D = 2 and 3. We clearly observe that the
behavior of the effective potential V (σ) for K = 0 which is typical of the broken phase
is gradually changed into the typical behavior in the symmetric phase as we increase
the curvature K. The critical curvature at which the symmetry restoration takes place
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can be calculated analytically as will be shown later. In Fig.2 the behavior of V (σ) is
presented for the case λr ≤ λcr (as a typical example we choose λr = λcr/2 and the
space-time dimension D = 3). We observe that the symmetric phase stays symmetric if
we change the curvature.
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m/m0
K/m20
D=2.0D=2.5D=3.0D=3.5
Fig. 3 Behavior of the dynamical fermion mass as a function of curvature K for D =
2, 2.5, 3 and 3.5.
The dynamical fermion mass m in Einstein universe is calculated by solving the gap
equation ∂V
∂σ
∣∣∣
σ=m
= 0:
σD−20
λr
+
∫ ∞
−∞
dω
2pi
1
(4pi)
D−1
2
[{
ω2 + (D − 2)σ20
}
(ω2 + σ20)
D−5
2
− K D−32
∣∣∣∣∣Γ(
D−1
2
+ iβ)
Γ(1 + iβ)
∣∣∣∣∣
2

Γ(−D − 3
2
)tr = 0, (21)
where β =
√
m2+ω2
K
. Fig.3 represents the behavior of the dynamical fermion mass which
is obtained by solving Eq.(21) numerically for D = 2.0, 2.5, 3.0 and 3.5. The numerical
integration in Eq.(21) was performed in the same way as in Fig.1 and Fig.2. As we have
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observed in Fig.1 and Fig.3, the phase transition caused by the change of the curvature is
of the second order. This means that the critical curvature may be calculated by taking
the limit m → 0 in the gap equation (21). We let m → 0 in Eq.(21) and perform the
integration analytically. We find
1
λr
+
D − 1
(4pi)
D
2
Γ(1− D
2
)tr−
(
Kcr
σ20
)D−2
2 1√
pi(4pi)
D
2
Γ(
D − 1
2
)Γ(
D
2
)Γ(1− D
2
)tr = 0. (22)
Taking into account Eq.(19) with Eq.(18) we rewrite Eq.(22) in the following form,
[
mD−20 −K
D−2
2
cr
1√
pi
Γ(
D − 1
2
)Γ(
D
2
)
]
Γ(1− D
2
) = 0. (23)
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D
Fig. 4 Behavior of the critical curvature Kcr as a function of dimension D.
In Fig.4 we show dependence of the critical curvature Kcr to dimension D. We see
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from Eq.(23) that for some special values of D Kcr is given by

Kcr = 4e
2γEm20 at D = 2.0,
Kcr =
(
8
pi
)2
m20 at D = 2.5,
Kcr = 4m
2
0 at D = 3.0,
Kcr =
(
16
3
√
2pi
) 4
3 m20 at D = 3.5,
Kcr = 2m
2
0 at D = 4.0,
(24)
where γE is the Euler constant.
In Eq.(24) the critical curvature Kcr for D = 2 reproduces the result obtained in
Ref.[11]. It is well-known that in the case of the two dimensional space-time the field
theory in R ⊗ S that is regarded as an Euclidean analog of the Einstein space-time is
equivalent to the finite-temperature field theory. Since the effective potential for the two-
dimensional finite-temperature four-fermion theory is known [12], we compare our result
(12) with the previous finite-temperature result. In the two-dimensional limit D → 2 the
effective potential (12) reduces to
V (σ) → σ
2
2λ0
−
∫ σ
0
ds
∫ ∞
−∞
dω
3pi
s√
K
1
β
tanh piβ (25)
=
σ2
2λ0
−
√
K
2pi
∞∑
n=−∞
(
√
ω2n + σ
2 −
√
ω2n), (26)
where ωn =
2n+1
2
√
K. Here we utilized the formula,
∞∑
n=1
1
x2 + (2n− 1)2 =
pi
4x
tanh pi
x
2
. (27)
With recourse to the following relation between the curvature K and the temperature T
1
kBT
=
2pi√
K
, (28)
with kB the Boltzmann constant, we realize that the effective potential (12) in the Ein-
stein universe for D = 2 is in agreement with that of the finite-temperature four-fermion
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theory in D = 2 and the result for D = 2 given in Eq.(24) is consistent with the
well-known formula of the critical temperature for the four-fermion interaction model at
finite-temperature (See Ref.[12]).
We have found the presence of the curvature-induced dynamical symmetry restoration
for the system of self-interacting fermions in Einstein universe in the leading order of the
1/N expansion. The dynamical fermion mass is found to disappear through the second-
order phase transition. The critical curvature at which the symmetry restoration takes
place is calculated analytically.
Since Einstein universe is the static universe, our result in the present paper can not
be applied directly to the evolution of the universe in its early stage. Our model, however,
gives a hint on the scenario of the symmetry breaking in the early universe. In order to
make our result more realistic it is necessary for us to extend our analysis to the more
general universe such as the Robertson-Walker universe and study the Einstein equation
with the energy-momentum tensor calculated in the underlying theory. It is our hope
to give a fundamental contribution to the understanding of the dynamical origin of the
inflationary expansion of the universe.
Acknowledgments
The authors would like to thank K. Fukazawa, S. Mukaigawa and H. Sato for useful con-
versations. One of the authors (T. M.) is supported financially in part by the Monbusho
Grant-in-Aid for Scientific Research (A) under Contract No.07404002.
References
[1] Y. Nambu and G. Jona-Lasinio, Phys. Rev. 122, 345 (1961).
[2] S. Weinberg, Phys. Rev. D13, 974 (1976) ;19, 1277 (1978);
L. Susskind, ibid. 20 2619 (1979).
12
[3] H. Itoyama, Prog. Theor. Phys. 64, 1886 (1980);
I. L. Buchbinder and E. N. Kirillova, Int. J. Mod. Phys. A4, 142 (1989);
I. Sachs, Doctor Thesis, (1994);
T. Inagaki, S. Mukaigawa and T. Muta, Phys. Rev. D52, 4267 (1995);
E. Elizalde, S. Leseduarte, S. Odintsov and Yu. I. Shil’nov, University of Barcelona
Report, UB-ECM-PF 95/11, unpublished (1995).
[4] E. Elizalde, S. D. Odintsov, and Yu. I. Shil’nov, Mod. Phys. Lett. A9, 913 (1994).
[5] T. Inagaki, T. Muta and S. D. Odintsov, Mod. Phys. Lett. A8, 2117 (1993).
[6] D. J. Gross and A. Neveu, Phys. Rev. D10, 3235 (1974).
[7] H.-J. He, Y.-P. Kuang, Q. Qang and Y.-P. Yi, Phys Rev. D45, 4610 (1992);
T. Muta, Nagoya Spring Schoool on Dynamical Symmetry Breaking
(Ed. K. Yamawaki, World Scientific Pub. Co., 1992).
[8] T. Inagaki, K. Ishikawa and T. Muta, Hiroshima U. preprint,HUPD-9516, (1995).
[9] S. Moriguchi, K. Udagawa and S. Hitotsumatsu, Mathematical Formulae Vol.3
(Iwanami Book Co., 1960, in Japanese);
A. Erdelyi, Higher Transcendental Functions, Vol.1 (McGraw-Hill Book Co., 1953);
I. S. Gradshteyn and I.M. Ryzhik, Table of Integrals, Series and Products, (Academic
Press Inc., 1965).
[10] T. Eguchi, Phys. Rev. D17, 611 (1978);
K. Shizuya, Phys. Rev. D21, 2327 (1980);
B. Rosenstein, B. J. Warr and S. H. Park, Phys. Rev. Lett. 62, 1433 (1989).
[11] S. K. Kim,W. Namgung,K. S. Soh and J. H. Yee, Phys. Rev. D36, 3172 (1987).
[12] H. O. Wada, Lett. Nuovo Cim. 11, 697 (1974);
L. Jacobs, Phys. Rev. D10, 3956 (1974);
R. F. Dashen, S. Ma and R. Rajaraman, Phys. Rev. D11, 1499 (1975);
D. J. Harrington and A. Yildiz, Phys. Rev. D11, 779 (1975);
W. Dittrich and B. G. Englert, Nucl. Phys. B179, 85 (1981);
T. Inagaki, T. Kouno and T. Muta, Int. J. Mod. Phys. A10, 2241 (1995).
13
